We consider a discrete-time two-sector Cobb-Douglas economy with positive sector specific external effects and partial depreciation of capital. We show that local indeterminacy of steady states and cycles can easily arise with constant social returns to scale, and very small market imperfections. However these properties of equilibrium paths become less likely in the case of partial depreciation than that of full depreciation.
Introduction
It is now well-known from the seminal contributions of Benhabib and Nishimura [3] and Boldrin and Montrucchio [6] that two-sector optimal growth models may be characterized by regular or irregular endogenous fluctuations. More recently, a growing literature has focused on the existence of stochastic fluctuations based on market imperfections such that external effects. 1 In the recent literature, some simple conditions for the existence of endogenous and stochastic fluctuations have been provided for two-sector models with Cobb-Douglas technologies. In most of the contributions it is assumed that the capital fully depreciates every period. This much criticized assumption has been proved to be quite particular by Baierl, Nishimura and Yano [1] .
This study investigates the role of capital depreciation in stochastic economic fluctuations based on the local indeterminacy of a steady state and the existence of sunspot equilibria. We extend the two-sector model considered by Baierl, Nishimura and Yano [1] by introducing sector specific external effects in both sectors. Capital is assumed to depreciate slowly, and we adopt Cobb-Douglas production functions. We first examine the case in which the investment good is capital intensive at the private level. This implies that the steady state cannot be locally indeterminate. We also know that if there is no external effects, the investment good is also capital intensive at the social level and from the earlier literature on optimal growth 2 the optimal path is converges monotonically to the steady state. Sector specific externalities allows on the contrary to consider a configuration in which the investment good is labor intensive at the social level while capital intensive privately. We show that equilibrium period-two cycles may appear but become less likely in the case of partial depreciation than that of full depreciation. When the investment good is labor intensive at the private level we provide some simple conditions for the existence of a locally indeterminate steady state while the investment good is capital or labor intensive socially.
We also show that locally indeterminate period-two cycles may appear when capital depreciates slowly enough. We finally obtain a similar conclusion for local indeterminacy than that of Baierl, Nishimura and Yano [1] for endogenous cycles: given production functions and a discount factor close to 1, partial depreciation contributes to the tendency that the steady state becomes saddle-point stable. We consider a discrete-time two-sector economy having an infinitely-lived representative agent with single period linear utility function u(c) = c. We assume that the labor supply is inelastic. There are two goods: the pure consumption good, c, and the pure capital good, k. Each good is assumed to be produced with a constant social returns Cobb-Douglas technology which contains some positive sector specific externalities. We denote by c and y the outputs of sectors c and k:
Labor is normalized to one, L c + L y = 1, and the total stock of capital is given by K c + K y = k. We assume partial depreciation of capital in one period so that the capital accumulation equation is y t = k t+1 − (1 − µ)k t , with µ ∈ [0, 1]. The consumer's optimization program is max {Kc,t,Lc,t,Ky,t,Ly,t,kt,yt}
3 All the proofs available upon request are either simple adaptation of the proofs given in Baierl, Nishimura and Yano [1] , or proceed from straigtforward algebra.
the production functions from the private perspective, and c = K
the production functions from the social perspective.
Factor intensities may be determined by the coefficients of the CobbDouglas functions. If β 1 /β 2 > (<)α 1 /α 2 , the investment (consumption) good sector is capital intensive from the private perspective. If
good sector is capital intensive from the social perspective.
Denote by p t , ω 0t and ω t respectively the utility price of the capital good, the wage rate of labor and the rental rate of the capital good at time t ≥ 0, all in terms of the price of the consumption good. For any given sequences {A t } ∞ t=0 and {B t } ∞ t=0 of external effects, the Lagrangian at time t ≥ 0 is:
For any (k t , y t ), solving the first order conditions w.r.
, we define the efficient production frontier as
Using the envelope theorem we derive the equilibrium prices:
where
. From the first order conditions w.r.t. k t we obtain
Mixing equations (3) (4) (5) gives the Euler equation:
Any sequence needs also to satisfy the following transversality condition 
for t = 0, 1, 2, ..., then the sequence {k t } +∞ t=0 is called an equilibrium path. We assume that solving equations (7-8) gives A t and B t as functions of (k t , k t+1 ), namely A t =Â(k t , k t+1 ) and B t =B(k t , k t+1 ). Substituting these expressions into equations (3-4) gives p t and ω t as functions of (k t , k t+1 ). Then the Euler equation along an equilibrium path may be expressed as follows:
Steady state
A steady state is defined by k t = k t+1 = k * , y t = y * = µk * and is given by the solving of ρω(k
We first characterize the derivatives of the social production function.
Lemma 1 . For any given sequences {A t } ∞ t=0 and {B t } ∞ t=0 , the partial derivatives of T (k 0 , k 1 , A, B) are given by
From Lemma 1 we obtain Corollary 1 . In our model with Cobb-Douglas production functions, there exists a unique stationary capital stock k * such that:
The characteristic roots
The linearization of the Euler equation around the steady state gives the following characteristic polynomial:
Some lengthy algebra allows to compute the second derivatives of V (., .) and to obtain: Theorem 1 . The characteristic roots are given by
Note that x 1 does not depend on external effects while x 2 does.
The investment good is capital intensive at the private level
In this section we will restrict to the case in which the investment good is capital intensive at the private level.
This result confirms that for any configuration for returns to scale and depreciation of capital, if the investment good is capital intensive at the private level the steady state cannot be locally indeterminate (See Benhabib, Nishimura and Venditti [5] ).
The investment good is capital intensive at the social level
Proposition 1 . Under Assumption 1, if α 2 +a 2 > β 2 +b 2 , then 0 < x 2 < 1 and the steady state is saddle-point stable.
With Proposition 1 we obtain a standard result of the optimal growth literature which is here extended to a sub-optimal economy with sector-specific externalities. A similar conclusion has been obtained by Benhabib and Nishimura [4] in a continuous time model.
The investment good is labor intensive at the social level
Note that without externality the situation treated in this subsection never exists. Therefore all the results below are valid because of the existence of external effects. If a i = b i = 0, i = 1, 2, Assumption 1 implies that the investment good is also capital intensive at the social level. It follows from Baierl, Nishimura and Yano [1] that the optimal path is thus monotone and converges toward the steady state for any values of the discount rate and the depreciation rate of capital. 5 On the contrary, with sector specific external effects, the investment good may be labor intensive at the social level while capital intensive privately and the equilibrium paths may oscillate.
To simplify notations let θ ≡ ρ(1 − µ) ∈ [0, 1] which is the discounted value of capital carried over to the next period per one unit of capital used in this period.
Proposition 2 . Under Assumption 1, let α 2 + a 2 < β 2 + b 2 . The following two cases arise: i) If α 2 + a 2 > (1 + θ)(β 2 + b 2 )/2 then −1 < x 2 < 0 and the steady state is saddle-point stable.
ii) If α 2 + a 2 < (1 + θ)(β 2 + b 2 )/2 and α 2 + a 2 = θ(β 2 + b 2 ) then |x 2 | > 1 and the steady state is totally unstable.
It is now easy to give conditions for the existence of period-two cycles.
Then when θ crosses from below the valueθ ≡ 2(α 2 +a 2 )/(β 2 +b 2 )−1 < 1, the steady state becomes totally unstable, and there exist equilibrium period-two cycles either in a left or in a right neighbourhood ofθ.
It clearly appear that given production functions period-two cycles become less likely in the case of partial depreciation than that of full depreciation.
The investment good is labor intensive at the private level
In this section we will consider the case in which the investment good is labor intensive at the private level.
Lemma 3 . Under Assumption 2, the two following cases arise:
Note that with total depreciation of capital in one period, i.e. θ = 0, the characteristic root x 1 is necessarily negative.
The investment good is capital intensive at the social level
Proposition 4 . Under Assumption 2, let α 2 + a 2 > β 2 + b 2 . Then the steady state is locally indeterminate if
Note that if θ = 0, Proposition 4 gives the result of Corollary 1 i) in Benhabib, Nishimura and Venditti [5] .
Then there existθ,θ ∈]0, 1[, withθ <θ <θ, such that: i) the steady state is locally indeterminate for any θ ∈]θ,θ[\{θ}; ii) when θ crossesθ from above the steady state becomes saddle-point stable, and there exist equilibrium period-two cycles either in a left or in a right neighbourhood ofθ.
Theorem 2 shows that given production functions and a discount factor close to 1, equilibrium paths become less likely to be locally indeterminate in the case of partial depreciation (θ close enough to 1) than in that of full depreciation (θ = 0). Baierl, Nishimura and Yano [1] have obtained a similar result concerning the occurrence of period-two cycles in an optimal growth model with partial depreciation. If the Flip bifurcation is over-critical, period-two cycles exist in a left neighbourhood ofθ and are locally indeterminate, while in the sub-critical case, they exist in a right neighbourhood ofθ and are saddle-point stable (see Benhabib and Nishimura [3] ).
The investment good is labor intensive at the social level
Similar results may be obtained if the investment good is labor intensive at the private and social levels. Note that if θ = 0, Proposition 5 gives the result of Corollary 1 ii) in Benhabib, Nishimura and Venditti [5] . We have indeed α 2 + a 2 > (β 2 + b 2 )/2 ⇔ β 1 + b 1 > α 1 + a 1 − α 2 − a 2 . ii) when θ crossesθ (θ * ) from above (below) the steady state becomes saddle-point stable, and there exist equilibrium period-two cycles either in a left or in a right neighbourhood ofθ (θ * ).
Propositions 4-5 and Theorems 2-3 generalise to partial depreciation of capital Propositions 2-3 in Benhabib, Nishimura and Venditti [5] obtained with θ = 0.
